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Abstract.
proofs by resolution and the like in first order logic all gxffrom the
need to trade off the expense of generating and maintainodgha
against the improvement in quality of guidance as investrirethe
semantic aspect of the reasoning is increased. Prevics stk to
resolve this tradeoff have resulted either in poor selaafomodels,
or in fragility as the search becomes over-sensitive to tideroof
clauses, or in extreme slowness. Here we present a freshaabpr
whereby most of the clauses for which a model is sought aatcirie

Attempts to use finite models to guide the search forin the guiding model. According to [4] that system was quitgfle,

in that small changes in the order in which clauses are psecdsave
large effects on its behaviour, and it was shown to be incetapl
for some inference rules only slightly more interestingnttnary
resolution.

Hodgson and Slaney [4] later produced a version of SCOTT in
which robustness was secured by maintaining several moakblsr
than just one, and completeness was achieved by using thelsrtod
guide clause selection without restricting the inferendes. That

as soft constraints. The result is a partial model of all the clausessystem, however, is extremely slow because of the overhigads

rather than an exact model of only a subset of them. This allow
our system to combine the speed of maintaining just a singldein
with the robustness previously requiring multiple modée.present
experimental evidence of benefits over a range of first ondsslem
domains.

1 THE PROBLEM: INTELLIGENT PROOF
SEARCH

First order theorem proving is the traditional core of auated rea-
soning, of importance not only for pure mathematics but fdsdits
applications to Al—to planning, for instance—and to softevangi-
neering among other fields. The search spaces encountetiggoin
rem proving are typically infinite, and for reasons relatedrndecid-
ability there is little regularity to their structure. Pfcgearch there-
fore relies on rules of thumb backed by little but empiricédadom.
It is therefore somewhat surprising, and certainly disaupw, that
attempts to search intelligently for proofs continue todssisuccess-
ful in practice than brute force.

Over the last few years, there have been several attempts to i
ject intelligence into the search by combining a theorenveravith
some module that turns sets of first order clauses into @ntsat-
isfaction problems and then uses a finite domain CSP solgezrie
erate models relevant to the theorem being sought. Theselsnod
somehow represent information about the meaning of thdemeb-
that is, they give the prover a rudimentary understandindghef

problem—and so may be used to guide the proof search. Theajene

technique is to concentrate the search on clauses whiclalgeeih
the guiding model or models. This is intuitively reasonakie aim
is to show that the input clause setniscessarilyfalse, so it makes

curred in generating and maintaining many models. It did et
several times in CASC, as reported in [4], achieving perforoe
marginally better than that of OTTER.

Choi and Kerber [2, 3] propose a different technique whereby
models related to the input clauses are generated in a pesgziog
phase and are then again used to guide clause selectiom.sykei
tem uses the clause graph method, and suffers from the &airity
very small models (with domain size 2) can be generated aed us
in that way. More problematically, only the input clauses aon-
sidered when the models are being generated, so that pespérat
emerge only after some consequences have been deducekkbyre li
to be ignored.

Brown and Sutcliffe [1, 7] have developed a system
PTTP+GLiDeS in which models are generated with a proposi-
tional SAT solver and used to constrain the inferences made i
the course of proofs by linear input resolution. The systbiows
interesting efficiency gains over PTTP on some non-Hornlprosb,
but cannot improve on it in the Horn case and has yet to dematast
general usefulness in comparison with conventional psover

In the present paper, we present a new approach within thisitv
research program. The paper is organised as follows. liosetive
outline the method and what makes it distinctive. Then irnise3
we examine a small example of a proof search in order to iHtest
the idea. Section 4 contains experimental results on thel*lpaob-
lems from the TPTP library, and we conclude with an indiqatd
planned further work.

2 A FRESH APPROACH

We follow [4, 5] in basing our system on the pre-existing tleso

sense to seek anomalies among the consequences of those'sclauprover OTTER [8]. This is no longer the fastest theorem prive

which areactuallyfalse.

its class, but is still a high performance system which id Wwsbwn,

Slaney, Lusk and and McCune [5] proposed the system SCOT%idely used, well maintained and stable. Like Choi and Kefgg

which uses a model to restrict the inference rules such atutem
by requiring in each inference that one of the parent clabsdalse
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we also follow [4, 5] in using FINDER [11] as the constrainhsu?
While not comparable with the state of the art in CSP, FINDER
is suitable for generating small models quickly, acceptt firder

2 It might have been neater to use MACE, following the examplil but
MACE does not appear to exist in a version that supports swftcaints
by solving MAX-SAT problems.



clauses as input and comes with functions designed fomignkito
external software in just this way. For our system, we useersion
of FINDER which allows constraints to be soft, treating thefglem
as essentially a weighted MAX-CSP. The details are not soitapt

to the theorem-proving application: for our purposes,éisugh that

it accepts as input a set of first order clauses each markeet eis
hard or as soft and returns a model of the hard clauses satjsig
many as possible of thastancesof the soft ones interpreted over a
given finite domain. We use this model to guide OTTER'’s search

2.1 Thegiven clausealgorithm

purpose, lef\/ be a model—that is, an interpretation of the language
of the problem in which each clause in the language is either(for
all assignments of values to its variables) or false (foreast one
assignment). Our suggestion is to choose most of the giarses
from among those false in the guiding model. That is, by defae
choose the oldest of the shortest of the false clauses. Becmme
true clauses may also be required for a successful proofsaimp
only false clauses would lead to incompletenss, every so often
we follow OTTER'’s clause selection without regard to the antits.
The ratio of semantic to non-semantic clause selectionzrisalled
by another magic number, the “semantic-given ratio” whicmput
as a parameter like the pick-given ratio.

The core of OTTER, as of most other high performance firstrorde ~Semantically guided choice requires a decision as to whethe
theorem provers is the given clause algorithm. For this, the clausesclause is “true” or “false”, which is given by testing agdiagsmall)

are partitioned into an active set (thgable listin OTTER parlance)
and a passive set set of supportThe main part of the algorithm is
a loop executed indefinitely until either the set of suppoempty or
the goal (usually the empty clause) is deduced:

ProceduresivenClausel oop
While the set of support is not empty do
Select given clause from the set of support
Move g to the usable list
For each immediate consequenoef the usable list
that hagy as a parent do
If ¢ is the goal then
Returnsuccess
If ¢ passes the filters then
Add c to the set of support
Returnf ai | ure
EndGivenClausel oop

finite model. Sophisticated model checking is not requigesithe
model is very small (we rarely use a domain of more than three o
four elements) and the first order clauses occurring in iéagiroof
searches are typically rather short, so crude enumerafionloa-
tions of the constituent variables suffices.

The more interesting question is how to determine the ggidin
model. For this, first note some vocabulary. lcebe a first order
clause containing variables, . .., z, and letM be a model with a
finite domain which may as well consist of the integéts. . ., k}.

In addition to the function symbols, constants and the likéhe first
order language in question, let there be special constants , k&
whose interpretation is fixed in the obvious way. Now among th
ground instances of, of which there will normally be infinitely
many, there are those in which only the constdnts . , k are substi-
tuted for the variables. We call thedemain-groundedhstances and
obviously there are only finitely many of therk(in fact). Trivially,

c is equivalent in the modeM to the conjunction of its domain-

Not specified here are the steps of back subsumption and feack dgrounded instances.

modulation, whereby the existing clauses are rewrittengusiew
clauses. This may be done eagerly before the new clais&ept
in the set of support, or lazily when it is selected as thergnlause.
OTTER is eager; Waldmeister, for example, is lazy. Also ectjed
are the criteria for given clause selection, the choice lekrdefining
“immediate consequence” and the filters used to remove uedan
clauses. Details of the rules and filters will not be giverehexcept
to note that some filters such as subsumption preserve thelet@m

Example: let ¢ be the clause-P(f(g(z))) vV P(f(z)) and let
the domain ofM be {1, 2,3}. Then whilec has infinitely many

ground instancesP(f(g(g(g(a))))) VvV P(f(g(g(a)))) etc, it has
only three domain-grounded instances relative to the donodi

M, viz. =P(f(¢(1))) v P(f(1)), ~P(f(9(2))) v P(f(2)) and
~P(f(9(3))) v P(f(3)).

The CSP corresponding to a set of clauses is obtained bylditrst

ness of the method when rules such as resolution are useld whiteningthe clauses by introducing extra variables and setting them

others such as deleting all clauses above a certain lemgitHdiad to
incompleteness.

2.2 Semantic guidance

OTTER’s default criterion for selection of the next giveraute is
to choose one of those with the smallest number of constityen-
bols (function symbols and variables), breaking ties byosimg the
oldest—i.e. the one which was placed in the set of suppott Titss
criterion is tempered by the “pick-given ratio” which stiptes that

everyk-th clause is chosen to be simply the oldest, without regard t

its length, so that in effect a breadth-first search is ietaréd with
the best-first one.

Clearly, the criteria for given clause selection make nenesice to
the meaning of the clause or its likely rble in any proof.Ha hope of
improving the quality of selection, and therefore the edindy of the
search, we augment the criterion with a semantic compoRenthis

3 For example, Vampire [9], Gandalf [14], SPASS [15], Waldstei [6] and
E [10] all use variants of the given clause algorithm. See2A&C results
[12] for a rough but revealing comparison of the best systems

equal to the subformulae. We say that a ternflas if it contains

no nested function symbols—i.e. if the only terms insiderecfion

symbol are variables—and that an atomic formula is flat ifiesit
it contains no function symbols at all or else it is an equatie-

tween a variable and a flat term. A literal is flat if the atomtiisi
flat, and a clause if every literal in it is flat. Then every dawhas
a flat equivalent. Now for the CSP, the domain variables spoed
to the domain-grounded instances of flat terms and flat atBansh

domain-grounded instance of the flattened clause thersstaten-
straint or a relation (usually non-binary) between domairiables
of the CSP.

Example: Let c and M be as above. Then the result of flattening
cisvi # g(x) Ve # f(vi1) Vus # f(xz) V=P(v2) V P(vs3).
Any domain-grounded instance of this flattened clause, sash
3#9()V2# f(3)V3# f(1) V-P(2)V P(3), constrains the
possible values for a 5-tuple of the CSP domain variables.

4 —unless we were to use full semantic resolution with the dyinanodel,
of course. We allow the prover to use ordinary rules such marpireso-
lution, hyperresolution, paramodulation, etc. With thesee given clauses
are sometimes needed for completeness.



At any stage in the proof search, let the clauses in the usiable
be partitioned into “hard” and “soft”. By aapproximate modebf
the usable list we mean any model of the hard clauses. Bpabe
nessof an approximate model/ we mean the number of domain-
grounded instances (relative 3d) of the flattenings of soft clauses
which are false im/.% M is an optimal model over a given domain
if its badness is minimal among models over that domain. That

we model the usable list as a MAX-CSP with mixed hard and soft

constraints—we can view it as a weighted MAX-CSP with thedhar
constraints having infinite weight—where each constrangiven

by a domain-grounded instance of one of the flattened clabkze
that each clause in the language is either (absolutely)itrié or
(absolutely) false in\/ despite the appeal to matters of degree in the
generation and evaluation af.

The hard clauses are those initially in the usable list; tfeanes
are those which have been in the set of support. There aree@avo r
sons for requiring some of the constraints to be hard. Firitis
much more efficient to search for models of soft constrairitiwva
tightly constrained search space than in a totally uncaimsd one.
Secondly, the clauses initially in the usable list are sgdégithat they
cannot interact with each other to produce consequences Hiry
never get chosen as the given clause. They define the backgrou
theory of the proof search, and in many cases also define ecteff
the goal. Hence by requiring them to be true in the guiding ehod
we constrain that model to cohere with the implicit semantitthe
search. At any rate, it seems empirically to be the case thiimm
them into hard constraints tends to avoid useless modetssittose
which make the entire set of support true and so give no gai&an

We model only the usable list, not the set of support. Thiatlye
reduces the number of clauses which have to be modelled.dgiiasrh
clause, ifitis true in the current model, is simply addedh® wsable
list. If it is false, a new model is sought which should be &ethan
the current one taking the new clause into account alongtivitinest
of the usable oneThis is the core difference between our system
and previous semantically guided provers. Our single agpprate
model is chosen to capture as much as possible of all theausab
clauses, whereas their exact models each capture just antaxp
the problem, since clauses which are false in an exact madtel ¢
tribute nothing to it. Another difference is that we allovetimodel to
change in whatever way helps to make more domain-groundedel
instances true. In [2] the models never change once thetsstts.

In [4] and [5] the models do change, but subject to the coowlithat
clauses labelled as true by one model must continue to biddlzes
true by later ones. We see no need for such a condition, amegihd
consider it harmful since it “locks in” a bad choice made wanl
the search whereas our system has the option of undoing ayech
of model once its badness becomes apparent. We do, howaver, h
to re-test the clauses in the set of support after each mquiizite.
At some point (after a time limit or after a number of givenudas
specified as a parameter with a somewhat arbitrary defalulée \at
250) the generation of models is disabled because it is sipeand
the returns diminish rapidly after a while.

For the experiments reported below, we fixed the domain sibe t
3, not for any interesting reason but just because modelsapkize

5 The number of such false instances may be greater than theemahcon-
straints resulting from them, because different domaougded instances
may yield the same constraint. Each constraint is therefeighted by the
number of clause instances which are false if it fails.

6 This is not completely accurate: in the present implemantalong clauses
(generating constraints of cardinality greater than 4)ratemodelled, be-
cause FINDER has no good way of treating large constraing®tsThis
ad hocrestriction will be removed in a more mature implementation
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Figure 1. The badness of soft models in a search for a proof of problem
FLD049-4. “Badness” is the number of falsified constraints.

fairly often give decent guidance and are small enough tobad
quickly. We also fixed a limit ofl0° variable instantiations for each
model search, so that the system should not spend too mu¢é of i
time trying to improve the model. Thus the model returnedaahe
point is the best found within a cutoff and not necessariéydptimal
model on the domain.

3 ANEXAMPLE

Before reporting the experiments, it is useful to illustraiith an ex-
ample. The problem chosen for this is FLD049-4 from TPTPrele
no deep reason for this choice except that it is one of thel@nabin
the “eligible problems” list for CASC in 2003 which both owyssem
SOFTIE and the underlying prover OTTER can solve in a redsigna
short time. The theorem is that in any field, for any elemerdaadc
and for any nonzero elemeritandd, if ab~—! = ¢d~! thenad = bc.
This fairly basic fact of field theory is made awkward to prome
FLD049-4 by being expressed in terms of ternary relatexnsand
product as well as functionadd andnul ti pl y, the relation
of equality being axiomatised rather than written exglcits ‘=" to
prevent provers from using equational reasoning direQQFTIE
found a proof in 244 seconds after 184 given clauses of wtbai2
input clauses and 10 derived ones) are in the proof. By wapwf-c
parison, OTTER takes only 1.58 seconds to find a differenbfpro
also of length 25, after 250 given clauses.

The reason why SOFTIE is so slow is that it re-generates thte gu
ing model after almost every selection of given clause, ltiesuin
145 changes of model for 184 given clauses. Of those 184eadaus
only 27 are true in the model at the time when they are adddukto t
usable list. The models vary in how much of the set of suppay t
verify, but during most of the search about 90% of the clausése
set of support are marked as true, so the preference fordalsa
clauses clearly focuses the search considerably. Thetmgéver, is
that the program spends almost all of its time searching fodets
as opposed to making inferences.

The penultimate model (one of the best used) has these fables
addition and multiplication:

= O N

0 X
0 0
1 1
2

The additive and multiplicative identities are 0 and 2 respely.

o N OO
O O O



25

—— ; .
False given clauses
True given clauses

20

15

10

X
< A0SO ORI 30000 323 1005 310¢oR0ORHIORX M 30

Clauses generated per usable clause

MK K B g o S Wmcmescs Bt m o s o
40 60 80 100 120 140 160 180 200
Given clauses in chronological order

0

0 20

Figure2. Number of clauses generated by each successive given darse
ing the search for a proof of TPTP problem FLD049-4.

While this structure is certainly not an accurate reflecobraddi-
tion and multiplication as taught in the Schools, it doesfyexl but
19 domain-grounded instances of the usable clauses, assveller
90% of the set of support. Hence it describes the problentyparet|.

Figure 1 shows the numbers of violated soft constraints ahea
of the 145 successive models generated. It seems that theeafo
model fluctuates irregularly between two or more differeases,
which presumably represent variations on different appnaie
models, one of which is much worse than the other(s). We have n
ascertained how many isomorphism classes there are amenig%h
models.

Figure 2 shows the number of clauses generated at each step
that is, as a result of adding each given clause. Interdgtithgre are
two sorts of given clause: those which have many immediate&o
quences (about 5 per usable clause) and those which havé&tiew.
clauses marked as true in the model at the time when they are s
lected are almost all in the latter category. Why this sha@dve do
not know, but it hints at a genuine link between evaluatiomodels
and deductive properties.

4 EXPERIMENTS

We have attempted to evaluate SOFTIE experimentally byingnn

on problems from the TPTP library [13]. This is not as simpdta
may seem, because SOFTIE is very new and has no settledtdefa
values as yet for parameters like the semantic-given ratie. ter-
mination condition for model searches is no better than agues

is the limit of 250 given clauses before model generatiopstdhe
interaction of the semantic component with the settings BTER,
from the choice of inference rules to the way of constructhrini-

tial usable list, is also uninvestigated. Therefore thalts®f running
SOFTIE with some parameters or other on a large problem set ha
to be seen as very rough.

To bring the task within bounds, we concentrated on the ‘hard
problems (i.e. neither trivial nor impossible) which are taligible’
problems for CASC [12]. Running the prover repeatedly over t
whole set of eligible problems takes too long to be feasiubef-ig-
ure 3 shows timings for just two syntactic classes: thosélpros
consisting of Horn clauses with and without equality. Thasethe
two sections in which OTTER performs best.

7 [4] reports similar frustration with the attempt to create autonomous
mode for SCOTT-5.
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unit equality’

Here we give results for runs of the prover with the followsgg-
tings:

ol

A time limit of 15 minutes (cpu time) per problem.
A weight limit of 50 symbols per clause.
‘Ratio’ settings such that of every 5 given clauses, 3 areseho

to be the oldest of the shortest of tfdseclauses, 1 is the oldest
of the shortestclauses without regard to semantics, and 1 is the
oldestwithout regard to semantics or weight.

A maximum of 450 seconds (50% of the time limit) to be spent in
generating models.

Otherwise the default “auto” settings that come with OTTER.

We have no confidence that these settings are in generaHdeal
fact, we are sure they can be improved—but they give reag®nab
results in a good proportion of cases and are fairly simple.

As is evident from Figure 3 there is a time cost associatetl wit
model generation and testing. However, note that overalhtimber
of proofs obtained within one minute is roughly similar withwith-
out he investment in semantics, but that SOFTIE begins tarehtm
OTTER from about that point on. This suggests that semaniit-g
ance in the style of SOFTIE pays its way more often as the prosl
become harder.



Performance is by no means even across problem categorieguestions about automatic first order proof search. Whathétes

TPTP problems may be classified syntactically accordinghether
they contain equality, whether all the clauses are Horn arfdrsh,
or semantically according to whether they are problems ofrgzry,
group theory, planning, etc. Briefly, we find that soft sertagtid-
ance as we have implemented it does better with equaticasdnéng
than with pure first order logic. This was a surprise, as welb@ed
it with rules such as resolution in mind, rather than termritng.
Semantically, it suits some algebraic domains, notablygrtbeory,

better than it does other domainis. This may be because tlelmo

generator can efficiently find structures similar to growgrsj there-

the two types of given clause shown clearly in Figure 2, famegle?
Is this a general phenomenon, or one local to specific probtpes?
Is it really related to semantics, or is the correletion withe and
false clauses an accident of the particular case? More tpdim
of the present paper, we could wish for a theoretically cdlimge
reason why semantic guidance works at all, and also, whiéipe
effects are detectable, why they are not more dramatic. We ha
answers to offer at present: in keeping with the field of teeoprov-
ing, our work has been strongly empirical in character. Haxeghe
guestions have at least been opened.

fore give high quality guidance, whereas it is too slow in eitdg
theories with large numbers of different predicates andtion sym-
bols, functions with many argument places and so forth.

In one syntactically defined problem class, the unit equalibb-
lems, SOFTIE clearly dominates OTTER. These problems requi
equational reasoning and many have an algebraic flavoundys
semantic guidance should be more effective for these prabthan
for others is unclear, but the results shown in Figure 4 arti&-st
ing. SOFTIE solves 68 of these 138 problems within the timmst)i
against OTTER'’s 36, and it is clear that if the time limit wéne
creased the difference between the two provers would widlerit
is, the extra time spent finding models has an adverse effeater-
all time only for problems which are solved in under ten seison

anyway.

(1]
(2]

5 CONCLUSION
(3]

We have presented a model-guided theorem prover using a MAX-
CSP solver to generate models in which all of the usable ekus
have as many true instances as possible. The guiding mode! is
vised whenever a given clause is chosen which is false inuhe c
rent model. This makes the theory determined by the model non [5)
monotonic, as changing the model to minimise the violatibme
stances of the usable clauses may cause some currenthauses
to become false. We are not aware of any previous system fdingu ]
a theorem prover which has this feature. 7]
While the system is still very new, and much work remains to be
done to remove the causes of abnormal termination of segrahd

(4]

then to fine-tune the many settings and details of the atgarior (8]
clause selection, we believe that SOFTIE already shows thaire 9]
preliminary promise. It is complete, unlike the system desd in
[5], appears to be more generally applicable and more povigrdn  [10]
those in either [1] or [3], and faster than that in [4]. Oneshessting
line of future work is to learn the features of problems wharke (11]
correlated with the best ways of applying the model, thuswaiig
SOFTIE to adapt itself to different problem classes withequiring  [12]
the intervention of a user. 113

More serious limitations on the current system arise frons¢hof
the components OTTER and FINDER. OTTER is extremely slow o 14]
some classes of problems in TPTP: on many problems in the PE
section, for instance, it gets stuck for hours in the prdogssf one
given clause, and on most problems containing clauses wattiym
literals it is slow compared with more modern provers.Feitwork
therefore includes trying semantic guidance of faster gravThe
most annoying limitation of FINDER, for present purposeshat it
cannot treat constraints of cardinality greater than ad@s soft be-
cause “grounding out” longer clauses is too inefficient. &frture
work includes overcoming this difficulty by incorporatingreore so-
phisticated algorithm for handling soft constraints.

Meanwhile, our investigations have already uncovered sosme

[15]
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